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We report on new patterns in high-speed flows of granular materials obtained by means of ex-
tensive numerical simulations. These patterns emerge from the destabilization of unidirectional
flows upon increase of mass holdup and inclination angle, and are characterized by complex internal
structures including secondary flows, heterogeneous particle volume fraction, symmetry breaking
and dynamically maintained order. Interestingly, despite their overall diversity, these regimes are
shown to obey a universal scaling law for the mass flow rate as a function of the mass holdup.
This unique set of 3D flow regimes raises new challenges for extending the scope of current granular
rheological models and opens new perspectives for interpreting the features of geophysical granular
flows.

PACS numbers:

Introduction– Granular gravity-driven flows are very
common in industrial and geophysical processes. These
flows are generally dense, run on a flat frictional base
and are confined by lateral walls or levees (due to self-
channeling). The scientific community has paid particu-
lar attention to these flows over the last thirty years [1].
However, their modeling is still an open issue. The com-
plexity comes from grain/grain interactions that include
both collisions and long lasting frictional contacts. Iden-
tifying regions of the flow where one type of interaction
prevails over the other is part of the issue to be resolved.

One of the most studied configurations is the inclined
plane geometry. Partly because it is a simple and good
model for many common situations, but also because it
may be seen as a rheological test with constant friction.
Indeed, if sidewall friction is negligible, for steady and
fully developed (SFD) flows, the tangential and normal
forces on the base correspond exactly to the components
of the flow weight. Their ratio, which is nothing but
the apparent friction µ, is equal to the tangent of the
angle of inclination. To date, experiments and simula-
tions have focused mainly on flows with moderate incli-
nation, leading to fairly simple unidirectional SFD flows
[1]. However, more complex SFD flows with spanwise
vortices were obtained for higher angles [2]. One there-
fore strongly expect that upon further increase of the
inclination angle more and more complex flow features
should emerge.

In the case of a flat frictional base, the ratio of the
tangential to the normal component of the contact force
acting on a grain in contact with the base has an upper
bound which is the microscopic friction coefficient µm.
Thereby, the effective friction µ = tan θ is also bounded
by µm. For definite and realistic values of µm, this au-
tomatically limits the possible angles for SFD flows. In

the case of a bumpy base, the relation between µm and
the limit for µ is more complex because of additional
geometrical effects [1]. The easiest way to obtain SFD
flows at high angles is to introduce frictional side walls.
This is what we have done in the present work. If the
grain/wall friction coefficient is high enough, one may ex-
pect that the base friction supplemented by the side wall
friction will be able to balance the driving component of
the weight.

We have conducted simulations of granular flows down
flat and steep inclines with frictional side walls using a
discrete element model (DEM). The principle of DEM
simulations is to treat each grain as a sphere (of diame-
terD) subject to gravity and contact forces with both the
other grains and the basal and lateral walls. These con-
tact forces are characterized by a coefficient of restitution
e, a coefficient of friction µm and a stiffness coefficient k
(see Supplementary Table 1). The fundamental principle
of dynamics is applied to calculate the motion of each
individual particle. This method, which has successfully
been used to simulate granular flows [3–5], has been op-
timized to obtain three-dimensional SFD flows within a
reasonable computation time. We used periodic bound-
ary conditions in the streamwise direction. The periodic
cell had a length L = 20D and width W = 68D. Simu-
lations were run up to a stabilization of the total kinetic
energy of the system. We obtained SDF flows for all the
flow configurations we have investigated, varying exten-
sively the inclination angle θ and the mass hold-up H̃
(defined by H̃ =

∫∞
0
φ(z)dz/D where φ is the particle

volume fraction at height z).
Our simulations reveal the existence of unexpected

SFD regimes which were never reported in the literature.
These new regimes emerge from the destabilization of
SFD unidirectional flows upon increase of the mass
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FIG. 1: Vertical profiles of the volume fraction of the flow ((a) and (b)) and of the velocity in the main flow direction ((c) and
(d)). Both quantities are measured at the center of the channel and are averaged over 10D in the transverse direction. The
curves reported in (b) and (d) are for a fixed mass holdup H̃ = 8 and for different angles of inclination. Those reported in (a)
and (c) are for a fixed angle of inclination θ = 42° and for different values of mass holdup. Open circles and triangles indicate
the vertical position of the center of mass which increases both with the mass holdup and the angle of inclination.

holdup and the slope. These flow regimes are likely to
be encountered in many real situations and raise new
challenges for extending the scope of current rheological
models. We report below the various SFD flow regimes
obtained upon variation of the slope and mass holdup
and focus first on the supported flow regimes.

Supported regimes– Upon increase of the inclination
angle, dense unidirectional flows destabilize and longi-
tudinal rolls appear [2, 6, 7]. Upon further increase, a
strongly sheared, dilute and agitated layer spontaneously
appears at the base of the flow. Such a layer is able to
support a dense packing of grains moving as a whole.
These "supported" regimes have been already mentioned
in the literature as a possible explanation for the unex-
pected high mobility of granular avalanches. Campbell
[8] indeed suggested that the existence of a layer of highly
agitated particles at low concentration beneath a densely
packed main body could reduce the apparent basal fric-
tion and allow the flow to reach long runouts. Density
inverted profiles are also predicted by the granular kinetic
theory [9]. However, DEM simulations were unable up to

now to reproduce these flow regimes as steady and stable
states. They were only observed as transient states in
decelerated flows [8] or as a steady but unstable state at
a unique value of the inclination angle [10]. In contrast,
the "supported" regimes reported here are steady and
fully developed, stable and were obtained within a large
range of inclination angles.

Fig. 1 shows typical volume fraction and velocity pro-
files for SFD supported regimes. They present a dense
core floating above a highly agitated granular gaseous
phase, and toped by a dilute "atmosphere". The core is
moving at a fast and almost uniform speed. The center
of mass of the flow is located just on top of the core, so
a large fraction of the matter is spread in the dilute at-
mosphere over a large distance. When the mass holdup
increases the core lifts up and densifies (see Fig. 1a). Its
lateral width decreases with increasing H̃ because the lat-
eral pressure pushes the grains toward the central core.
This core can reach very high values of the volume frac-
tion up to 0.6 at large mass holdup, while the volume
fraction in the supporting basal gaseous layer is below
0.2. The existence of a stabilized dense core within a
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very agitated and dilute region is probably a direct con-
sequence of the clustering instability occurring in granu-
lar gas [11]. It is also worth noting that this flow regime
bears a strong resemblance with that observed experi-
mentally by Holyoake and McElwaine [12] on steep slopes
with a "depletion layer" at the walls.

Above the dense core, the volume fraction is
well described by a decreasing exponential: ν(z) ∝
exp(−z/HC), where HC represents the characteristic
height of the atmosphere (see Supplementary Figure 1).
The core slowly “evaporates” as the angle increases for a
gradual transition to granular gas at larger angles (see
Supplementary Figures 2 and 3). Surprisingly, when the
angle θ increases, the altitude of the core remains con-
stant (see Fig. 1b). However, the center of mass of the
flow lifts up and the core thickness decreases as a non-
negligible part of the material is transferred into the top
granular gaseous phase. The vertical expansion of the
flow is necessary to increase its friction on the lateral
boundaries and to balance the driving force, which in-
creases with the inclination angle. The basal friction
cannot exceed µmMg cos θ, where µm = 0.59 is the mi-
croscopic friction value used in the simulations [7] and
M is the mass of the grains. Thus for large angles, a
large part of the friction comes from the lateral walls as
discussed in more details below.
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FIG. 2: (a) Effective friction coefficients on the base µb and
the wall µw (inset) as a function of the inclination angle θ.
Both coefficients increase with θ but show a reduction for in-
creasing mass hold-up. (b) Altitude of the center of mass CM

as a function of θ for various mass hold-up. Markers indi-
cate the states corresponding to the supported flow regimes
for which CM exhibits a linear increase with tan θ. Labels
U○, R○, C○, A○, S○ and B○ refer to the different flow regimes
defined in Fig. 3.

The effective friction coefficients respectively at the
base µb and at the walls µw are computed as the ra-
tio of tangential to normal stresses. Fig. 2a shows the
dependency of µb and µw on θ and H̃. Both coefficients
increase and saturate at high inclination angles. In con-
trast, they decrease with the mass holdup: for a given
angle, the basal friction reduces as more matter is added
in the flow. This reduction of basal friction with increas-
ing mass hold-up has never been reported before and may
be a clue for explaining the long run-out for large rock
avalanches [8].

As mentioned earlier, the vertical extent of the flow
is a key feature to understand the balance between the
gravitational driving force and friction. The position
CM of the center of mass of the flow is a simple and
interesting indicator which is shown in Fig. 2b. For the
supported flows (indicated by dots in the Figure), CM

increases linearly with tan θ: CM = a tan θ + b, where
the slope a = 54.6D is independent of the mass holdup.
Using a simple force balance, it can be shown that the
slope is simply given by a ≈W/2µm (see Supplementary
Note 1). In contrast, the parameter b increases with
mass holdup and reflects the corresponding increase of
the core thickness with H̃ described in Fig. 1a.

Phase Diagram– In addition to the supported flows, we
have discovered a myriad of new regimes by exploring ex-
tensively and systematically the parameter space (θ, H̃).
We report in Fig. 3 the domain of existence of the dif-
ferent identified regimes. These are labeled by circled
letters and are briefly described below:

– Regime U○ corresponds to classical Unidirectional
dense flows.

– Regime R○ corresponds to flows with Rolls previously
reported in experimental and numerical works [2, 6, 7].

– Regime C○ stands for the supported regime described
previously.

– Regime A○ denotes the supported regime with asym-
metric core. As the mass holdup increases, the initial
axisymmetric dense core starts to swing back and forth
from left to right and loses its axial symmetry. For larger
H̃ and θ, a "plume" eventually forms on top of the core,
as shown in the snapshots of Fig. 3.

– Regime S○ corresponds to the Superposed rolls and
appears at larger mass holdups H̃ than regime R○. An
example is shown in the snapshots of Fig. 3.

– Regime B○ is characterized by the presence of a Basal
layered structure. The observed order (see snapshots of
Fig. 3) is dynamically maintained by collisions and cage
effects. The layers are sheared and not static. Rolls are
present in the disordered zone on the top of the basal
layers and are localized close to the lateral walls.

These different flow regimes open many perspectives
to test the relevance of granular rheological models.
For example, our results may be interpreted in the
framework of the second-order fluid model proposed in
[13] which predicts that shallow flows develop curved
surface, as seen for regimes B○ and C○.

Universal behavior– Although these flow regimes ex-
hibit marked difference in terms of structural organiza-
tion, they surprisingly show common features. First, the
transient regime necessary to reach the steady state is
well described by a simple exponential saturation for
any value of the inclination angle and mass hold-up:
V (t) = VL − (VL − V0) exp (−t/τ), where V (t) is the av-
erage streamwise flow velocity at time t, V0 the initial
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FIG. 3: Phase diagram in the mass holdup - angle of inclination space. U○: Unidirectional flows; R○: flows with Rolls; C○:
flows with dense Core (i.e., supported flows); A○: supported flows with Asymmetric core; S○: flows with Superposed rolls;
B○: flows with a Basal ordered layer toped by rolls. The 385 gray dots are the sampling points in the phase space where we
performed a simulation. The phase diagram is supplemented with 2D maps representing the velocity in the transverse direction
(left panels) and the particle volume fraction (middle and right panels).

flow velocity, and VL the limit velocity (see Fig. 4a). The
characteristic time τ is an increasing function of the mass
hold-up and has a non-monotic variation with the inclina-
tion angle (see Supplementary Figure 4a). This exponen-
tial velocity saturation suggests that the flow surprisingly
experiences a viscous-like drag force proportional to the
velocity (see Supplementary Figure 4b).
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FIG. 4: (a) Typical temporal evolution of the mean flow
velocity, for H̃ = 5 and θ = 12° to θ = 48° every 3°. All the
flows reach a steady state via an exponential saturation. (b)
Rescaled steady state velocity VL/H̃

1/4 as a function of sin θ
for various mass hold-up. The collapse is remarkable given
the wide diversity of regimes. The scaling law simply reads:
VL/H̃

1/4 ≈ A sin θ +B, with A ≈ 122 and B ≈ −37.

Second, we identify a simple universal dependency of

the limit velocity on the mass hold-up and inclination
angle: VL/H̃

1/4 ≈ A sin θ + B, where A and B are
constant coefficients. Figure 4b, reports the limit
velocity VL rescaled by H̃1/4 versus the inclination angle
θ for various mass holdups. A remarkable collapse is
observed, given the large diversity of the flow regimes.
In steady state, the mass flow rate is simply given by
Q = VLH̃ such that Q ∝ H̃5/4, which is close to the
scaling law (Q ∝ H̃3/2) obtained experimentally over a
smaller range of flow rate Q [14].

Conclusion– Using a simple flow configuration with
flat lateral and basal boundaries, we have discovered, by
increasing the inclination angle and mass holdup, new
steady and fully developed regimes which present non-
trivial features including heterogeneous volume fraction,
secondary flows, symmetry breaking and dynamically
maintained order. Despite the diversity of the features of
these states, we have highlighted that the mass flow rate
obeys a universal scaling law in terms of H̃. Explaining
these regularities is a challenging issue as they suggest a
unified underlying model.

A crucial question is to which extent these regimes and
their features are specific to the material parameters and
the confined geometry we have considered. Additional
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simulations, where we have varied the material param-
eters (friction and restitution coefficient) and the basal
conditions (flat or bumpy), lead to similar regimes as
long as grain/wall friction prevails on grain/grain fric-
tion. Side walls play of course an important role regard-
ing the friction and allow SFD flows for any value of
the chute inclination. Without side walls, flows at large
angle would not be steady but accelerated. Despite of
this, analog flow regimes appear but as transient state
(see Fig. S5). Furthermore, we are also convinced that
the confined geometry may be relevant to granular geo-
physical flows, which are often either confined by the to-
pography [15, 16] or self-channelized by the formation of
levees [17, 18].

These results provide a unique set of granular flow
regimes for testing theoretical and rheological models,
and should also encourage investigations of granular flows
for wider channels and higher mass holdup.
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